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Abstract
Quantum field theory is assumed to be gauge invariant.  It is shown that for a
Dirac field the assumption of gauge invariance impacts on the way the vacuum state is
defined.  It is shown that the conventional definition of the vacuum state must be modified
to take into account the requirements of gauge invariance.
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I. Introduction
Quantum field theory is assumed to be gauge invariant (see Schwinger [1]).  It will
be shown in this article that in Dirac field theory the requirement of gauge invariance puts
some requirements on the way the vacuum state vector 0  is defined.  It will be shown
that the conventional definition of the vacuum state must be modified to take into account
the requirements of gauge invariance.  Throughout this discussion natural units are used
so that c = =h 1.
In the Schrodinger representation of Dirac field theory the time evolution of the
state vector W ta f  and its dual W ta f is given by
i
t
t
H t t i
t
t
t H t
¶
¶
¶
¶
W
W
W
W
a f a f a f a f a f a f= - =$ ; $ (1)
where $H ta f  is the Hamiltonian operator and is given by
$ $ $ , $ ,H t H J x A x t dx x A x t dxo oa f a f a f a f a f= - × + zzr r r r r r r rr (2)
(See, for example, Rayski[2] or sections 17 and 19 of Pauli[3].)  In the above expression
Ao
r r r
x t A x t, , ,a f a fd i is the electric potential.  In this article the electric potentials are
assumed to be unquantized, real valued functions.  
r r r$ $J x xa f a f and r  are the current and
charge operators, respectively and $Ho  is the free field Hamiltonian, which is the
Hamiltonian operator when the interactions are turned off (i.e. the electric potential is
zero).   Throughout this discussion it is assumed that W ta f  is normalized, i.e.,
W Wt ta f a f =1.
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The free field energy is defined by
xo ot t H ta f a f a f= W W$ (3)
Now given the quantum state W tab g , defined at t=ta, the application of Eq. (1)
will evolve the quantum state forward in time to produce the quantum state W tbb g  at
t=tb.  In general W Wt tb ab g b g¹  and, if the electric potential is not zero, then, in
general, x xo a o bt tb g b g¹ .  The question that will be addressed in this article is whether or
not there is a lower bound to xo ta f .  It will be shown that if quantum theory is gauge
invariant then the answer to this question is no.  There is no lower bound to xo ta f .  Or to
put the problem more precisely, it will be shown that, given the quantum state W tab g ,
defined at t=ta, it is possible to find an electric potential  Ao
r r r
x t A x t, , ,a f a fd i that, when
used in Eq (1), evolves the quantum state into W tbb g  at t=tb such that xo btb g is less
then xo atb g by an arbitrarily large amount.
II. Gauge invariance
The electromagnetic field is given in terms of the electric potential according to
r
r r r r r
E A
t
A B Ao= - + Ñ
F
HG
I
KJ = Ñ ´
¶
¶
; (4)
A change in the gauge is a change in the electric potential that produces no change in the
electromagnetic field.  Such a change is given  by
r r r r
A A A A A A
to o o
® ¢= - Ñ ® ¢= +c ¶c
¶
; (5)
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where c rx t,a f  is an arbitrary real valued function.
Now, in general, when a change in the gauge is introduced into Eq. (1) this will
produce a change in W ta f .  However, an important requirement of a physical theory is
that it be gauge invariant which means that the change in the gauge produces no change in
the physical observables.  These include the current and charge expectation values which
are defined by
r r r r
J x t t J x te ,
$a f a f a f a f= W W (6)
and
r re x t t x t
r r, $b g b g b g b g= W W (7)
The requirement for gauge invariance can be expressed as follows.  Let there exist
two state vectors W1 ta f  and W 2 ta f  which obey Eq. (1).  The electric potential that
acts on W1 ta f  is Ao1a f a fa f a fe jr r rx t A x t, , ,1  and the electric potential that acts on W 2 ta f
is Ao
2a f a fa f a fe jr r rx t A x t, , ,2 .  Assume the electric potentials are related by a gauge
transformation, that is
A A  o
2
o
1a f a f a f a fa f a fe j a f a f a f a fr r r r
r r r r rx t A x t x t
x t
t
A x t x t, , , ,
,
, , ,2 1= + - ÑFHG
I
KJ
¶c
¶
c (8)
Assume that at t=ta we have that
W W1 2t ta ab g b g=  (9)
and
c ¶c
¶
r
r
x t
x t
a
a,
,b g b g= =0 0 and 
t
(10)
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Other then this constraint c rx t,a f  is an arbitrary real valued function.
We have defined two states, which are equal at time t=t a but evolve forward in
time under the action of electric potentials which are related by a gauge transformation.
Then, even though in general W W1 2t ta f a f¹  for t>ta , gauge invariance requires that
the physically observable quantities for each quantum state be equal, that is,
r r r rJ x t J x te e
2 1a f a fa f a f, ,= ³ for t ta (11)
and
r re ex t x t
2 1a f a fa f a fr r, ,= ³ for t ta (12)
where 
r rJ x te
ra f a f,  and rer x ta f a fr, are the current and charge expectation value, respectively,
for the quantum state W r ta f  where r=1,2.
Next we will derive an expression for the time derivative of xo ta f  which will be
used later in the discussion.  Use Eq. (2) in (3) to obtain
x ro ot H J x A x t dx x A x t dxa f a f a f a f a f= - - × +FH IKRST UVWzzW W$ $ , $ ,r r r r r r r r (13)
Use (6) and (7) in the above to obtain
x ro e e ot H t J x t A x t dx x t A x t dxa f a f a f a f a f a fd i{ }= - - × + zzW W$ , , , ,r r r r r r r r (14)
Take the derivative of the above expression with respect to time to obtain
d t
dt
d
dt
H t
J x t
t
A x t dx
x t
t
A x t dx
J x t
A x t
t
dx x t
A x t
t
dx
o e e
o
e e
o
x ¶
¶
¶r
¶
¶
¶
r ¶
¶
a f a f a f a f a f a f
a f a f a f a f
= - - × +
F
HG
I
KJ
RS|T|
UV|W|
- - × +
F
HG
I
KJ
zz
zz
W W$ , , , ,
,
,
,
,
r r r r r
r
r r
r r
r r
r r
r
r
(15)
Gauge invariance and the vacuum state 7
Now the time derivative of W W$H ta f  is given by
d
dt
H t
t
H t
H t
t
H t
t
W W W W W W W W$ $
$
$a f a f a f a f= FHG
I
KJ + +
F
HG
I
KJ
¶
¶
¶
¶
¶
¶
(16)
Use Eqs (1) and (2) in the above to yield
d
dt
H t
H t
t
J x
A x t
t
dx x
A x t
t
dxoW W W W W W$
$ $ , $ ,a f a f a f a f a f a f= = - × +FHG
I
KJ
RS|T|
UV|W|zz
¶
¶
¶
¶
r ¶
¶
r r
r r
r r
r
r
(17)
Use (6) and (7) in the above to yield
d
dt
H t J x t
A x t
t
dx x t
A x t
t
dxe e
oW W$ , , , ,a f a f a f a f a f= - × + zzr r
r r
r r
r
r¶
¶
r ¶
¶
(18)
Use this in Eq. (15) to obtain
d
dt
J x t
t
A x t dx
x t
t
A x t dxo e e o
x ¶
¶
¶r
¶
= × - zz
r r r r r
r
r r,
,
,
,
a f a f a f a f (19)
III Negative free field energy
In this section it will be shown that if quantum theory is gauge invariant then there
is no lower bound to the free field energy.
Assume the existence of a quantum state W1 ta f .  The electric potential,
Ao
1a f a fa f a fe jr r rx t A x t, , ,1 , acting on W1 ta f  is zero, i.e.,
Ao
1a f a fa f a fe jr r rx t A x t, , ,1 0= (20)
Assume that at time t=tb the charge expectation value for W1 ta f  satisfies the condition
¶r
¶
e
t t
x t
t
b
1
0
a f a fr, ¹
=
(21)
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Now let us create another quantum state W 2 ta f  which is derived from W1 ta f  in the
following manner.  At t=ta, where ta<tb, we have that
W W2 1t ta ab g b g= (22)
This may be considered an initial condition on W 2 ta f .  Then W 2 ta f  evolves forward in
time according Eq. (1) in the presence of the electric potential
Ao
2a f a fa f a fe j a f a fd ir r r
r r rx t A x t
x t
t
x t, , ,
,
, ,2 = - ÑFHG
I
KJ
¶c
¶
c (23)
where c rx t,a f  is a real valued function subject to the following condition
c ¶c
¶
r
r
x t
x t
a
a,
,b g b g= =0 0 and 
t
(24)
Other then these constraints c rx t,a f  is arbitrary.
Now how do we know that a quantum state can be found where Eq. (21) is true?
If our theory is a correct model of the real world, that is real electrons, then there must be
quantum states where Eq. (21) holds because there are numerous examples in the real
world where the time derivative of the charge density is not zero.
Given the above, we will prove the following.  If quantum theory is gauge
invariant then it is possible to find a c rx t,a f  such that the free field energy xo t2a f a f  of the
quantum state W 2 ta f  at time t=tb is a negative number with an arbitrarily large
magnitude.
First, note that, from Eq. (22) we have that
x xo a o at t
2 1a f a fb g b g= (25)
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Also, referring to Eq. (19), if the electric potential is zero, then xo ta f is constant in time.
Therefore for the quantum state W1 ta f ,
x xo b o at t
1 1a f a fb g b g= (26)
Also, note that Ao
1a f a fa f a fe jr r rx t A x t, , ,1  and Ao2a f a fa f a fe jr r rx t A x t, , ,2  are related by
a gauge transformation (compare Eqs. (20) and (23)).  Therefore, if quantum theory is
gauge invariant, then
r r r r r rJ x t J x t x t x te e e e
1 2 1 2a f a f a f a fa f a f a f a f, , ; , ,= =r r (27)
Next use Eq. (23) in (19) to obtain for the free field energy of  W 2 ta f
d
dt
J x t
t
x t dx
x t
t
x t
t
dxo e e
x ¶
¶
c ¶r
¶
¶c
¶
2 2 2a f a f a fa f a f a f a f= - ×Ñ - zz
r r r r r
r r
r,
,
, ,
(28)
Assume reasonable boundary conditions at 
r
x ® ¥  and integrate by parts to obtain
d
dt
x t
J x t
t
dx
x t
t
x t
t
dxo e e
x c ¶
¶
¶r
¶
¶c
¶
2 2 2a f a f a fa f a f a f a f= Ñ× - zz r
r r r
r
r r
r
,
, , ,
(29)
This can be written as
d
dt
x t
J x t
t
dx
t
x t
t
x t dx
x t
t
x t dxo e e e
x c ¶
¶
¶
¶
¶r
¶
c ¶ r
¶
c
2 2 2 2 2
2
a f a f a f a fa f a f a f a f a f a f= Ñ× - +zz zr
r r r
r
r
r r
r
r r
,
, ,
,
,
,
(30)
Rearrange terms to obtain
d
dt
x t
t
x t
t
J x t dx
t
x t
t
x t dxo e e
ex c ¶
¶
¶r
¶
¶
¶
¶r
¶
c
2 2
2
2a f a f a f a fa f a f a f a f a f= + Ñ×FHG
I
KJ - zz
r
r r r r r
r
r r
,
,
,
,
, (31)
Use this result in the expression
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x x xo b o a o
t
t
t t
d t
dt
dt
a
b
2 2
2a f a f a fb g b g a f= + z (32)
to obtain
x x ¶r
¶
c
c ¶
¶
¶r
¶
o b o a
e b
b
t
t
e
e
t t
x t
t
x t dx
dt x t
t
x t
t
J x t dx
a
b
2 2
2
2
2
a f a f a f
a f a f
b g b g b g b g
a f a f a f
= -
+ + Ñ×
F
HG
I
KJ
z
z z
r
r r
r
r r r r r
,
,
,
,
,                        
(33)
where we have used the fact that c rx ta,b g= 0  (see Eq. (24)).
Use Eqs. (25), (26), and (27) in (33) to obtain
x x ¶r
¶
c
c ¶
¶
o b o b
e b
b
t
t
t t
x t
t
x t dx
dt x t
L x t
t
dx
a
b
2 1
1
1
a f a f a f
a f
b g b g b g b g
a f a f
= -
+
z
z z
r
r r
r
r
r
,
,
,
,
                        
(34)
where
L x t
x t
t
J x te e
1
1
1a f a f a fa f a f a fr
r r r r
,
,
,º + Ñ×¶r
¶
(35)
In Eq. (34) the quantities x ro b e bt x t x t
1 1 1a f a f a fb g b g a f, , ,r r and L  are independent of c .
Note that
L x t1 0a f a fr, = (36)
is the continuity equation.  Since charge conservation is an established experimental fact
we could at this point use Eq. (36) to simplify (34).  However, the proof is not dependent
on the truth of the continuity equation, only on gauge invariance.  Therefore we shall
consider two possibilities.
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In one case assume that Eq. (36) is true or more specifically that
¶
¶
L x t
t
1
0
a f a fr, = (37)
Use this in Eq. (34) to obtain
x x ¶r
¶
co b o b e b bt t
x t
t
x t dx2 1
1a f a f a fb g b g b g b g= - z r r r, , (38)
Now it is possible to find a c rx t,a f such that xo bt2a f b g is a negative number with an
arbitrarily large magnitude.  For example let
c ¶r
¶
r
r
x t f
x t
tb
e b,
,b g b g
a f
=
1
(39)
where f is a constant.  Other then this c rx t,a f is arbitrary (except that it must also satisfy
the initial conditions in Eq. (24)).  Use Eq. (39) in (38) to obtain
x x ¶r
¶o b o b
e bt t f
x t
t
dx2 1
1 2a f a f a fb g b g b g= - FHG
I
KJz
r
r,
(40)
The quantity under the integral sign is always positive.  Therefore, given Eq. (21), the
integral is greater than zero so as f ® ¥  then xo bt
2a f b g® - ¥ .
Next consider the possibility that
¶
¶
L x t
t
1
0
a f a fr, ¹ (41)
Then we can set
c
¶
¶
r
r
x t f
L x t
t
t ta b,
,a f a f
a f
= - < <
£ ³
1
0
 for t
 for t t  or t ta b
(42)
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Use this in Eq. (34) to yield
x x ¶
¶o b o b t
t
t t f dt
L x t
t
dx
a
b
2 1
1 2a f a f a fb g b g a f= - RS|T|
UV|W|z z
r
r,
Once again the integral is always positive so that as f ® ¥  then xo bt
2a f b g® - ¥ .
IV Discussion
Let us review the results of the previous section.  We start out with a quantum
state W1 ta f  such that the condition given by Eq. (21) is true at some point in time t=tb.
W1 ta f  satisfies Eq. (1) where the electric potential is zero.  Then at some time t=t a<tb
define the quantum state W W2 1t ta ab g b g= .  Next, use Eq. (1) to evolve W 2 ta f
forward in time to tb in the presence of an electric potential that is related to the electric
potential of  W1 ta f  by a gauge transformation.  These leads to Eq. (34) for the free field
energy of  W 2 ta f  at t=tb.  In this expression the quantities rJe1a f  and re1a f  are independent
of c .  Therefore c  may be defined as discussed above to make xo bt
2a f b g less than
xo bt
1a f b g by an arbitrarily large amount.  Therefore, there is in principle, no lower bound
to the free field energy for Dirac field theory.
Now this may seem like a surprising result because the generally held belief is that
the vacuum state is the minimum value of the free field energy (see Chap. 9 of Greiner et
al[4] or Chap. 1 of Pauli[3]).  What has been shown here is that there must exist quantum
states whose free field energy is less than that of the vacuum state.  In the next section we
will discuss the properties of the vacuum state as they are normally defined in quantum
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field theory and then, in the following section, it will be shown how the vacuum state can
be redefined to be consistent with these results.
V. The vacuum state
Define the field operator in the form of the following expansion,
$ $ ; $ $y f y fr r r rx a x x a xn n
n
n n
n
a f a f a f a f= =å å† † † (43)
where the $an ( $an
† ) are the destruction(creation) operators for a particle in the
state fn x
ra f .  They satisfy the anticommutator relation
$ $ $ $ ;a a a am n n m mn
† †+ = d  all other anticommutators = 0 (44)
The fn x
ra f  are eigenfunctions of the free field single particle Dirac equation with energy
eigenfunction ln nE .  That is,
l f fn n n o nE x H x
r ra f a f= (45)
where
H i mo = - ×Ñ +
r ra b (46)
and where 
E p mn n= + + =
+
-
r2 2 1
1
,   
 for a positive energy state
 for a negative energy staten
l (47)
where 
rpn  is the momentum of the state n.  Solutions of (45) are of the form
fn n ip xx u e n
r r ra f = × (48)
where un is a constant 4-spinor.  The fn x
ra f form a complete orthonormal basis in Hilbert
space and satisfy
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f f d dn a n bn
abx y x y
† r r r ra fe j a fb g a fa f a få = -3 (49)
and
f f dn m mnx x dx†
r r ra f a f =z (50)
where “a” and “b” are spinor indices (see page 107 of Heitler [5]).
Following Greiner [4] define the state vector 0,bare  which is the state vector
that is empty of all particles, i.e.,
$ ,a baren 0 0=  for all n (51)
For the index ‘n’ we will define the following
n<0 refers to negative energy states. (52)
n>0 refers to positive energy states.
The vacuum state vector |0ñ is defined as the state vector in which all negative energy
states are occupied by a single particle.  Therefore
0 0
0
=
<
Õ $ ,a baren
n
† (53)
where, as defined above, n<0 means that the product is taken over all negative energy
states.  From this expression, and Eqs. (44) and (51), |0ñ can then be defined by
$ $a an n0 0 0 0= = for n > 0 ;   for n < 0 † (54)
(Note, it is possible, for n<0, to replace the electron destruction and creation
operators,  $ $a an n and 
† , with the positron creation and destruction operators, $ $b bn n
† and ,
respectively.  However, in this article, it will be convenient to stick with the present
notation).
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Next define the operators $Ho ,
r$J , and $r in terms of the field operators.  There are
a number of ways of preceding.  For example $r can be expressed as q x x$ , $y y† r ra f a f  or
q x x: $ $ :y y† r ra f a f  where q is the electric charge.  All these expressions are basically
equivalent and simply represent different ways of subtracting out the infinite vacuum
charge.  In this discussion it will be convenient to use
$ $ $r y y r= -q R† (55)
r r r$ $ $J q JR= -y ay† (56)
$ $ $H H dxo o R= -zy y x† r (57)
Where the renormalization constant r xR R RJ, ,
r
 and  are used to make the vacuum
expectation values of the above operators equal to zero.
Any arbitrary state W  can be expanded in terms of a set of orthonormal basis
states j n which are created by the action of the operators $an n† and a  on 0  (see
Chapt. 3 of Itzykson and Zuber [6]).  Therefore W  can be written as
W = å cr r
r
j (58)
where the cr  are expansion coefficients and where
j j dm n nm= (59)
The basis states j n  are eigenstates of $Ho  ,i.e.,
$Ho n n nj e j= (60)
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The eigenvalues en  are all positive (or zero for the vacuum state).  This is because the
action of the operators $an n
† and a  on 0  is to either create a previously unoccupied
positive energy state or to destroy an occupied negative energy state, respectively.  If  n=0
refers to the vacuum state we have that
e en o> = ¹0  for n 0 ( 61)
Using Eqs. (60) and (59) in (3) we have that the free field energy for a normalized
quantum state W is
x eo m m
m
cWb g= å 2 ( 62)
Use Eq. ( 61) in the above to yield
x xo oW Wb g b g> ¹0 0= 0  if ( 63)
This equation states that the free field energy of the vacuum state is lower than that of any
other state.  This is because, as just discussed, any arbitrary state |Wñ can be expressed as
a combination of the state |0ñ and the other basis states |jmñ which are formed from the
action of the operators $an n
† or a  acting on |0ñ.  These other basis states have free field
energy greater than that of |0ñ.  Therefore the free field energy of |Wñ is always greater
then that of |0ñ (unless |Wñ= |0ñ).
VI. Redefining the Vacuum state
In Section III it was shown that gauge invariance  requires that quantum states
must exist whose free field energy is less than that of the vacuum state |0ñ.  However when
|0ñ is defined as in the previous section it is seen that |0ñ has the lowest energy free field of
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any state.  Hence we have an inconsistency.  Dirac quantum field theory cannot be both
gauge invariant and have |0ñ as the vacuum state.
In the following it will be shown how this inconsistency can be eliminated by a
modest modification to the definition of the vacuum state.  The immediate problem with
|0ñ is that the basis states that are derived from |0ñ are all positive energy states.  As we
have seen this means the free field energy of any arbitrary state must be positive.
Therefore a minimum requirement for a consistent theory is that basis states must exist
with less energy then the vacuum state.
To see how this can be done, start by defining the state vector |0, DEw ñ as follows.
The top of the negative energy band has an energy of - m.  Define |0, DEw ñ  as the
multiparticle quantum state in which each single particle state in the band of negative
energy states from energy  - m to  - (m+ DEw) is occupied and all other single particle
states are unoccupied.  Let the notation “nÎband” mean that “n” is a single particle
quantum state with energy in the range - m to - (m+ DEw).  Then  |0, DEw ñ can be defined
by
0 0, $ ,DE a barew n
n band
º
Î
Õ † (64)
Let n<band refer to the single particle quantum state with energy less than - (m+ DEw).
Recall, also, that n>0 refers to positive energy states.  Therefore |0, DEw ñ can be defined
by
$ ,
$ ,
$ ,
a E
a E band
a E band
n w
n w
n w
0 0 0
0 0
0 0
D
D
D
= >
= Î
= <
 for n  
 for n
 for n
† (65)
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|0, DEw ñ is an eigenvector of the operator $H o .  The eigenvalue can be set equal to zero
by proper selection of the constant xR in Eqs.(57) therefore we write,
$ ,H Eo w0 0D = (66)
We redefine the vacuum state as follows.   Let the vacuum be the state 0,DEw ® ¥
which is the state 0,DEw  in the limit that DEw ® ¥ .  In calculations involving
0,DEw ® ¥ , DEw  is assumed to be finite with the limit DEw ® ¥  taken at the end
of the calculation.
It has been shown in Section III that quantum states exist whose free field energy
is less than that of the vacuum state.  This is not possible if |0ñ is the vacuum state.  But
using |0, DEw® ¥ñ as the vacuum state allows this because then basis states will exist that
have less energy than the vacuum state.  Let mÎband and n<band.  The operator pair
$ $a an m
†  acting on |0, DEw® ¥ñ will destroy a particle with the quantum number ‘m’ within
the band and produce a particle with quantum number ‘n’ underneath the band.  This will
produce a quantum state with energy less then |0, DEw® ¥ñ by the amount E En m-
(note that En>Em because ‘n’ is a single particle quantum state with less energy (more
negative) than ‘m’).  An arbitrary state can, then, be expanded in terms of basis states
whose free field energy can be greater than or less than that of the vacuum.  Therefore the
free field energy of an arbitrary state can be less than the free field energy of the redefined
vacuum state |0, DEw® ¥ñ.  Therefore the quantum state |0, DEw® ¥ñ is consistent with
the requirements of gauge invariance.
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One problem that must be addressed is does the state |0, DEw® ¥ñ give stability to
positive energy particles?  An important role that the vacuum state |0ñ plays is to prevent
the scattering of positive energy particles into unoccupied negative energy states by a
perturbing potential.  Does |0, DEw® ¥ñ allow positive energy particles to scatter into
unoccupied states that exist underneath the bottom edge of the negative energy band?  A
strong argument that |0, DEw® ¥ñ provides the stability needed is to note that in
perturbation theory terms of the following form will appear:
fn x t x t x t dxdt†( , )V( , ) ( , )
r r r rFz (67)
where F ( , )rx t  is some positive energy wave function,  V x t( , )r  is some perturbing
potential, and fn x t( , )
r
 is the unoccupied negative energy state underneath the negative
band for which 
r
pn ® ¥ .   Now
f ln n ip x i E tx t u e en n n( , )
r r r= × - (68)
Since 
r
pn ® ¥  and En® ¥  the wave function fn x t( , )
r
 oscillates at a rate approaching
infinity in both space and time.  If we assume that the oscillatory behavior of the positive
energy wave function F ( , )rx t  and the perturbing potential V x t( , )r  is finite then the
integrand is dominated by the rapid oscillation of  fn x t( , )
r
 and the integral will approach
zero as 
r
pn ® ¥ .  Therefore the transition probability from the positive energy wave
function into states underneath the negative energy band will become arbitrarily small as
DEw® ¥  .
Another feature of  |0, DEw® ¥ñ is that it is consistent with positron theory.  In this
regard it is identical to the state |0ñ in that a “hole” will look like a positron.  Therefore
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|0, DEw® ¥ñ meets all requirement for a vacuum state.  It stabilizes positive energy
particles against transitions to negative energy states,  is consistent with positron theory,
and is consistent with the requirements of gauge invariance.
VII. The vacuum state and gauge invariance
In this section it will be shown by direct calculation that using the state 0  as the
vacuum state will destroy the gauge invariance of the theory.  Referring to Eq. (1) we
have that
W D W W D D
D
t t t iH t t t O t
t
+ = - +
®
a f a f a f a f e j
0
2$ (69)
W D W W D D
D
t t t i t H t t O t
t
+ = + +
®
a f a f a f a f e j
0
2$ (70)
Use this in Eq. (6) to obtain
r r r r
r r r r
J x t t t t J x t t
t J x t i t H t J x t t O t
e
t
, $
$ $ , $
+ = + +
= + LNM OQP +®
D W D W D
W W W W D D
D
a f a f a f a f
a f a f a f a f a f a f a f e j
0
2
(71)
Let the electric potential be given by
Ao
r r r
r r rx t A x t
x t
t
x t, , ,
,
, ,a f a fd i a f a fd i= - ÑFHG
I
KJ
¶c
¶
c (72)
Use this and Eq. (2) in (71) to obtain
r r r r r r
r r r r r r
r
r r r
J x t t J x t i t H t J x t t
i t J y y t dy y
y t
t
dy J x t t O t
e
t
e o, , $ ,
$
$ , $
,
, $
+ = + LNM OQP
+ ×Ñ +FHG
I
KJ
L
NM
O
QP +
®
zz
D W W D
W W D D
D
a f a f a f a f a f a f
a f a f a f a f a f a f a f e j
0
2      c r ¶c
¶
(73)
Rearrange terms to obtain
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r r r r r r
r r r r r r r r r
r
r
J x t t J x t i t H t J x t t
i t t J y J x t y t t y J x t
y t
t
dy O t
e
t
e o, , $ ,
$
$ , $ , $ , $
,
+ = + LNM OQP
+ LNM OQP ×Ñ + LNM OQP
RST
UVW +
®
z
D W W D
D W W W W D
D
a f a f a f a f a f a f
a f a f a f a f a f a f a f a f a f a f e j
0
2   c r ¶c
¶
(74)
If quantum theory is gauge invariant then 
r r
J x t te , + Da f  must not be dependent on c
because the electric potential of Eq. (72) is a gauge transformation from the case where
the electric potential is zero.  Therefore, since 
¶c
¶t
 is arbitrary, the quantity
W Wt y J x ta f a f a f a f$ , $r r r rLNM OQP  must equal zero for any W ta f .  Check the case for which
W ta f = 0 .  Define
r r r r r r r r r r r r
I x y y J x y J x J x y, $ , $ $ $ $ $a f a f a f a f a f a f a fº LNM OQP = -0 0 0 0 0 0r r r (75)
r r r
I x y,a f  is called the Schwinger term.  If  quantum field theory is gauge invariant then the
Schwinger term 
r r r
I x y,a f  must equal zero.  Use (43) in (55) and (56) to obtain
$ $ $
,
r f f rr r ry q a a y yn m n m
n m
Ra f a f a f= -å † † (76)
and
r r r r r r$ $ $
,
J x q a a x x Jn m n m
n m
Ra f a f a f= -å † †f af (77)
From the definition of the vacuum state (Eq. (55) and (56)) and the anticommutator
relationships (Eq. (44)) we have that
Gauge invariance and the vacuum state 22
r r r r r r$ $ $J x q a a x x Jn m n m
n
m
a f a f a f0 0 0
0
0
1= -
>
<
å † †f af (78)
where 
r
J1  is given by
r r r r r
J J q x xR n n
n
1
0
= -
<
å f af† a f a f (79)
From Eq. (48) it is seen that 
r
J1  is constant.  Similarly
0 0 0
0
0
1$ $ $r f f r
r r r
y q a a y ym n m n
n
m
a f a f a f= -
>
<
å † † (80)
where r1  is a constant given by
r r f f1
0
= -
<
åR n n
n
q y y†
r ra f a f (81)
Use Eqs. (78) and (80) in (75) to obtain
r r r r r r r r
I x y q y y x x h cm n n m
n
m
, . .a f a f a fe j a f a fe j a f=
F
H
GGG
I
K
JJJ
-
>
<
å2
0
0
f f f af† † (82)
where (h.c.) means to take the hermitian conjugate of the preceding term.
Now if 
r r r
I x y,a f = 0  then r r r rrÑ × =x I x y,a f 0 .  From the above equation we obtain
r r r r r r r r r r
rÑ × = Ñ×
F
H
GG
I
K
JJ->
<
åx m n n m
n
m
I x y q y y x x h c, . .b g b g b g b g b gd i b g2
0
0
f f f af† † (83)
To evaluate this expression use the following,
r r r r r r r r r r r rÑ×FH IK = ×Ñ + ×Ñf af a f f f a fn x m x n x m x n x m x†
† †b g b g b ge j b g b g b g (84)
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Next, from the definition of Ho (Eq. (46)), we obtain
r r r r r r r rÑ× = - -f af f f f fn m o n m n o mx x i H x x x H x†
† †b g b gd i b gc h b g b g b g{ } (85)
Now use Eq. (45) in the above to obtain
r r r r r rÑ× - -f af l l f fn m n n m m n mx x i E E x x† †a f a fe j b g a f a f= (86)
Use this in Eq. (83) to obtain
r r r r r r r rrÑ × = - -
F
H
GGG
I
K
JJJ
-
>
<
åx m n n n m m n m
n
m
I x y iq y y E E x x h c, . .a f a f a fb g a f a f a f2
0
0
f f l l f f† † (87)
Use Eq. (47) to obtain
r r r r r r r rrÑ × = - +
F
H
GGG
I
K
JJJ
-
>
<
åx n m m n n m
n
m
I x y iq E E y y x x h c, . .a f b g a f a f a f a f a f2
0
0
f f f f† † (88)
Evaluate this at 
r ry x=  to obtain
r r r r r r r rr
r rÑ × = - +
F
H
GGG
I
K
JJJ
-
= >
<
åx
y x
n m m n n m
n
m
I x y iq E E x x x x h c, . .a f b g a f a f a f a f a f2
0
0
f f f f† † (89)
This yields
r r r r r r
r r
r
r rÑ × = - +
F
H
GGG
I
K
JJJ
-
= - +
= >
<
>
<
å
å
x
y x
n m m n
n
m
n m m n
n
m
I x y iq E E x x h c
i q E E x x
, . .a f b g a f a f a f
b g a f a f
2 2
0
0
2 2
0
0
2
f f
f f
†
†                  
(90)
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Each term in the sum is positive therefore the above expression is not equal to zero.
Therefore 
r r r
I x y,a f ¹ 0  so that the theory is not gauge invariant when the vacuum state is
0 .
Now let us work the same problem using the quantum state 0,DEw .  Define
r r r r r r¢ º LNM OQPI x y E y J x Ew w, , $ ,
$ ,a f a f a f0 0D Dr (91)
From Eqs. (56) and (65) we obtain
r r r r r
r r r r
$ , $ $ ,
$ $ , ,
J x E q x x a a E
q x x a a E J E
w n m n m
m band
n
w
n m n m
m band
n band
w w
a f a f a f
a f a f
0 0
0 0
0
1
D D
D D
=
+ - ¢
Î
>
Î
<
å
å
f af
f af
† †
† †
(92)
where 
r
¢J1  is a constant given by
r r r r r¢= -
Î
åJ J q x xR m m
m band
1 f af† a f a f (93)
Similarly
0 0
0 0
0
1
, $ , $ $
, $ $ ,
D D
D D
E y E qa a y y
E qa a y y E
w w m n m n
m band
n
w m n m n
m band
n band
w
r f f
f f r
r r r
r r
a f a f a f
a f a f
=
+ - ¢
Î
>
Î
<
å
å
† †
† †
(94)
where ¢r1  is a constant given by
¢= -
Î
år r f f1 R m m
m band
q † (95)
Therefore
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r r r r r r r r r r r r r¢ = +
R
S|
T|
U
V|
W|
-
Î
>
Î
<
å åI x y q y y x x y y x x h cm n n m
m band
n
m n n m
m band
n band
, . .a f a f a f a f a f a f a f a f a f k p2
0
f f f af f f f af† † † †
(96)
Next define
F y y x xm n n m
m band
n band
2 º
Î
Î
å f f f af† †r r r r ra f a f a f a f (97)
Therefore
F y y x xn m m n
m band
n band
2
† † †º
Î
Î
å f f f afr r r r ra f a f a f a f (98)
One can interchange the dummy indices n and m in Eq. (97) to obtain
F F F F2 2 2 2 0= Þ - =
† † (99)
Therefore the quantity q F F2 2 2 0- =
†e j  can be added to the right side of  Eq. (96) to
obtain
r r r r r r r r r r r r r¢ = + +
R
S|
T|
U
V|
W|
-
Î
>
Î
<
å åI x y q y y x x F y y x xm n n m
m band
n
m n n m
m band
n band
,a f a f a f a f a f a f a f a f a f k p2
0
2f f f af f f f af† † † † h.c.
(100)
Use the expression for F2 from Eq. (97) in the above expression to obtain
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r r r
r r r r r r r r r r
r r r r r¢ =
+
+
R
S
|||
T
|||
U
V
|||
W
|||
-
Î
>
Î
Î
Î
<
å å
å
I x y q
y y x x y y x x
y y x x
m n n m
m band
n
m n n m
m band
n band
m n n m
m band
n band
,a f
a f a f a f a f a f a f a f a f
a f a f a f a f k p
2 0
f f f af f f f af
f f f af
† † † †
† †
h.c.
(101)
Next use
m band
all n
m band
n
m band
n band
m band
n band
Î Î
>
Î
Î
Î
<
å å å å= + +
0
(102)
in the above expression to yield
r r r r r r r r¢ =
R
S|
T|
U
V|
W|
-
Î
åI x y q y y x xm n n m
m band
,a f a f a f a f a f k p2 f f f af† †
all n
h.c. (103)
In the above expression do the summation over the index ‘n’ first and use Eq. (49) to yield
r r r r r r r r¢ = -
RS|T|
UV|W|
-
Î
åI x y q y x x ym m
m band
,a f a f a f a f k p2 3f af d† h.c. (104)
Now use the relationship
f y x y f x
r r r ra f a f a fd3 - = (105)
where f y
ra f  is an arbitrary function to obtain
r r r r r r r r¢ = -
RS|T|
UV|W|
-
Î
åI x y q x x x ym m
m band
,a f a f a f a f k p2 3f af d† h.c. (106)
Use the fact that
f af f afm m m mx x x x†
† †r r r r r ra f a fe j a f a f= (107)
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to obtain
r r r¢ =I x y,a f 0 (108)
Therefore the theory is gauge invariant if 0,DEw ® ¥  is used as the vacuum state.
Now what is the difference between 0  and 0,DEw ® ¥  that accounts for the
fact that 
r r r
I x y,a f ¹ 0  but that r r r¢ =I x y,a f 0 .  The key difference can be seen by comparing
Eq. (82) and (96).  In the expression for 
r r r
I x y,a f  (Eq. (82)) the only transitions are from
occupied negative energy states to unoccupied positive energy states.  For 
r r r¢I x y,a f (Eq.
(96)) there is an analogous  contribution due to transitions from occupied states within the
negative energy band to unoccupied positive energy states.  However, there is also an
additional term due to transitions from states within the band to unoccupied negative
energy states underneath the band.  It is the contribution made by this additional term that
makes 
r r r¢ =I x y,a f 0 .
VIII. Gauge Invariance and the vacuum current.
The fact that there are problems with gauge invariance and quantum field theory
has a long history.  A direct calculation, using perturbation theory, of the vacuum current,
induced  by an externally applied electric potential does not produce a gauge invariant
result.  This has been shown by many authors (see Pauli and Villars[7], section 22 of
Heitler[5], chap. 14 of Greiner[4], and Sakurai[8]). The calculation in Section VII
showing that 
r r r
I x y,a f ¹ 0  is consistent with these previous results.
This has always been recognized as a problem because quantum mechanics must
be gauge invariant.  The main approach to dealing with this problem seems to be to
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assume there is something “deviant” about the mathematics involved in this calculation.
The non-gauge invariant terms are then isolated and removed from the calculation.  This
may involve some form of regularization (Ref [7]) where other functions are introduced
that happen to have the correct behavior so that the non-gauge invariant terms are
cancelled.  However, as has been pointed out by Pauli and Villars [7],  there is no physical
explanation for introducing these functions.  They are mathematical devices used to force
the desired (gauge invariant) result.
In this section it will be shown that for the vacuum current to be gauge invariant
the Schwinger term 
r r rI x y,a f must vanish.  And, as was shown in the last section, this term
does not vanish if 0  is used as the vacuum state.
From Eq. 8.3 of Pauli [3] the first order change in the vacuum current due to an
external perturbing electric potential is given by
r r r r r r r r r r r
J x t i J x t dy dt J y t A y t y t A y tvac o
t
1 0 0a f a f a f a f a f a f a f, $ , , $ , , $ , ,= ¢- ¢× ¢+ ¢ ¢FH IK
L
NMM
O
QPP- ¥zz r (109)
In the above expression the operators 
r r$ ,J x ta f  and $ ,r rx ta f  are the current and charge
operators, respectively, in the interaction representation.  They are related to the
Schrodinger operators by
r r r r r r$ , $ $ , $
$ $ $ $
J x t e J x e x t e x eiH t iH t iH t iH to o o ob g b g b g b g= =- - and r r (110)
According to Eq. 3.11 of Pauli [3] the above interaction operators satisfy
¶r
¶
$ , $ ,
r r r rx t
t
J x t
a f a f= - Ñ× (111)
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The change in the vacuum current d
r rJ x tvac
1a f a f, due to a gauge transformation is obtained
by using Eq. (5) in (109) to yield
d c r ¶c
¶
r r r r r r r r r r
r
J x t i J x t dy dt J y t y t y t
y t
tvac
t
1 0 0a f a f a f a f a f a f a f, $ , , $ , , $ , ,= ¢ ¢×Ñ ¢+ ¢ ¢
¢
F
HG
I
KJ
L
NMM
O
QPP- ¥zz (112)
If quantum field theory is gauge invariant then a gauge transformation of the electric
potential should produce no change in any observable quantity.  Therefore d
r rJ x tvac
1a f a f,
should be zero.  To verify this we will solve the above equation as follows.
dt y t
y t
t
y t y t dt y t
y t
t
t t t
¢ ¢ ¢
¢
= ¢ ¢- ¢ ¢ ¢
¢- ¥ - ¥ - ¥
z z$ , , | $ , , , $ ,r ¶c¶ r c c ¶r¶r
r
r r r
r
a f a f a f a f a f a f (113)
Assume that c ry t,a f = 0  at t ® - ¥ .  Use this and Eq. (111) in the above expression to
obtain
dt y t
y t
t
y t y t dt y t J y t
t t
¢ ¢ ¢
¢
= + ¢ ¢Ñ× ¢
- ¥ - ¥
z z$ , , $ , , , ,r ¶c¶ r c cr
r
r r r r r ra f a f a f a f a f a f (114)
Substitute this into Eq. (112) to obtain
d c c
r c
r r r r r r r r r r r r r
r r r r r
J x t i J x t dy dt J y t y t y t J y t
i J x t y t y t dy
vac
t
1 0 0
0 0
a f a f a f a f a f a f a fe j
a f a f a f
, $ , , $ , , , ,
$ , , $ , ,
= ¢ ¢×Ñ ¢+ ¢Ñ× ¢
L
NMM
O
QPP
+
- ¥
zz
z                                                   
(115)
Rearrange terms to obtain
d c
r c
r r r r rr r r r
r r r r r
J x t i J x t dt dy J y t y t
i J x t y t y t dy
vac
t
1 0 0
0 0
a f a f a f a f a fe j
a f a f a f
, $ , , $ , ,
$ , , $ , ,
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L
NMM
O
QPP
+
- ¥
z z
z                                           
(116)
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Assume reasonable boundary conditions at 
r
y ® ¥  so that
 dy J y t y t
rr r r rÑ× ¢ ¢FH IK =z $ , ,a f a fc 0 (117)
Use this  to obtain
d r c
r c
r r r r r r r
r r r r r
J x t i J x t y t y t dy
i J x t y t y t dy
vac
1 0 0
0 0
a f a f a f a f a f
a f a f a f
, $ , , $ , ,
$ , , $ , ,
=
=
z
z                                  (118)
Use Eq. (110) and the fact that $H o 0 0=  in the above to obtain
d r c c
r r r r r r r r r r r r
J x t i J x y y t dy i I x y y t dyvac
1 0 0a f a f a f a f a f a f a f, $ , $ , , ,= = -z z (119)
Therefore for d
r rJ x tvac
1a f a f,  to be zero, for arbitrary c ry t,a f ,  the Schwinger term r r rI x y,a f
must be zero.   When 0  is replaced by 0,DEw ® ¥  in Eq. (109) then 
r r rI x y,a f  is
replaced by 
r r r¢I x y,a f  in Eq. (119).  Since r r r¢I x y,a f  has been shown to be zero then the
vacuum current will be gauge invariant if  0,DEw ® ¥  is used as the vacuum state.
IX. Conclusion
In this article we have shown that the state vector 0  is not consistent with the
requirements for gauge invariance.  One consequence of using 0  for the vacuum state is
that the Schwinger term is not zero.  This term must vanish for the theory to be gauge
invariant.  The result is that non-gauge invariant terms appear in the calculation of the
vacuum current.  This has led previous researchers to speculate that the reason for these
terms was due to some difficult or deviant mathematical behavior in the calculation of the
vacuum current.  Here we have shown that the reason for these non-gauge invariant terms
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is not deviant mathematical behavior but simply that, as was shown in Section III, gauge
invariance  requires the possibility that quantum states can exist whose free field energy is
less than that of the vacuum state.  Based on this fact one would expect that a calculation
of the vacuum current using 0  as the vacuum state would, indeed,  produce a non-gauge
invariant result.  The non-gauge invariant terms are not a result of deviant or difficult
mathematics but are the correct result of a straight forward mathematical calculation.
On the other hand, as has been shown, the state vector 0,DEw ® ¥  is
consistent with the requirements of gauge invariance.  It is similar to 0  in that is
stabilizes positive energy particles against transitions into negative energy states and it is
consistent with positron theory.  However, it allows for the existence of negative energy
states by including negative energy basis states which is necessary for a gauge invariant
theory.
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